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Abstract 

We first derive a new "commutation technique" for an exciton interacting with 
electrons, inspired from the one we recently developed for excitons interacting with 
excitons. These techniques allow to take exactly into account the possible exchanges 
between carriers. We use it to get the X~ trion creation operator in terms of exciton 
and free-electron creation operators. In a last part we generate the ladder diagrams 
associated to these trions. Although similar to the exciton ladder diagrams, with 
the hole replaced by an exciton, they are actually much more tricky : (i) Due to the 
composite nature of the exciton, one cannot identify an exciton-electron potential 
similar to the Coulomb potential between electron and hole ; (ii) the spins are 
unimportant for excitons while they are crucial for trions, singlet and triplet states 
having different energies. 



PACS number : 71.35.-y Excitons and related phenomena 
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The stability of semiconductor trions has been predicted long ago However, their 
binding energies being extremely small in bulk materials, clear experimental evidences ^^'^^ 
of these exciton-electron bound states have been achieved recently only, due to the devel- 
opment of good semiconductor quantum wells, the reduction of dimensionality enhancing 
all binding energies. 

It is now possible to study these exciton-electron bound states as well as their inter- 
actions with other carriers. However many-body effects with trions are even more 
subtle than many-body effects with excitons, due to their composite nature : Being made 
of indiscernable fermions, the interchange of these fermions with other carriers are quite 
tricky to handle properly. 

We have recently developed a novel procedure to treat many-body effects between 
close-to-boson particles such as excitons in semiconductors. It allows to take exactly 
into account the possible exchanges between their components. In this paper, we first 
generate a similar procedure for an exciton interacting with electrons. We clearly see 
appearing an exciton-electron coupling induced by Coulomb interaction and an exciton- 
electron coupling induced by the possible exchange of the exciton electron with the other 
electrons. . 

We use this commutation technique to get the trion creation operators in terms of 
exciton and free-electron creation operators and we show how, in the case of trions, all 
exchange couplings can be cleverly hidden in the prefactors of the trion operators, provided 
that these prefactors have a very specific invariance. 

In a last part, we derive the trion ladder diagrams between a "free" exciton and a free 
electron. They are conceptually similar to the exciton ladder diagrams between a free 
electron-hole pair, except for some quite specific difficulties associated to the composite 
nature of the exciton. 
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1 Commutation technique for an exciton interacting 
with electrons 



The commutation technique for an exciton interacting with electrons rehes on two pa- 
rameters '^n'k.'nk A„/k'nk which are such that 



n,<T„ ) "k.s 



(1) 



(2) 



the "creation potential" V^^^^ and the deviation-from-boson operator Dni,a^,;n,c„ being 
defined as for excitons interacting with excitons by H,B}^^ — EnB]^^ + V^^ 



and 



(^n,n' (^a-n,cT„t — ^a„,;n,a„- H is the semiconductor hamiltonian and 
-^no-n is the creation operator of the exciton n = (z/„,Q„), with energy = e^,„ + 
/i^Q^/2(me + nifi) and electron spin (7„. (The hole "spin" playing no role here, we drop 
it to simplify the notations). -B^_^^ is linked to the electron and hole creation operators 
al_ g and 6^ by 

-^n,(T„ — X^(Pki'n) ^-p+a^Qn ^p+aeQ„,cr„ ) (3) 



ke + ki,,S ' 



(4) 



where a^^h — "^e,/i/ ("^e + nT'h)- By using the explicit expression of V^^^^ deduced from its 
definition eq. (1) leads to 



"n'k'nk — (^Q„/+k',Q„+k M^i/„/ ( Qn' " Qn) , 



(5) 
(6) 



being the Fourier transform of the Coulomb potential. Let us mention that 



"n'k'nk = / d^e *e' C?rft0n'(re, Tft) /^/(re 



re' - Yh 



0n(re, r/,) /k(re/) , (7) 



where /k(i") = e'^^-''/y/V is the free-particle wave function while 
(f)n{re, rh) = (re;iki.„) /QnlR-e/i), with Teh = - and Re/i = (mere mhVh)l{me + ruh), 
is the total wave function of the n exciton : '^n'k'nk ^^'^s corresponds to the scattering of a 
(n, k) state into a {n', k') state induced by Coulomb interactions between the exciton and 
the electron, the n and n' excitons being made with the same electron-hole pair (e, h). 



If we turn to A„/k'rik, eqs. (2,3) and the explicit expression of Dn',a';n,a deduced from 
its definition lead to 

An'k'nk = ^Q„,+k',Q„+k-^l/„,Ak'-/3eQ„/;i/n,/3xk-/3eQn ' (8) 

Lu'p'up = {x^'Ip + fteP') (p' + aeP\Xu) , (9) 
with jSg — 1 — — iTT'e/ (2me + mfi). We can mention that 

An'k'nk = j dr^' dVh 0*'(re, Th) /k'(re') 0n(re', Tft) /k(re) , (10) 

which clearly shows that the (n, k) and {n', k') states are coupled by A„/k'nk due to their 
electron exchange independently from any Coulomb process. This possible exchange also 
leads to 

4,. = - E An'k'nk Bl^^ al^, , (11) 

n',k' 

while two exchanges reduce to identity : 

E An'k'n"k" A„//k"nk = ^nn' <^kk' • (12) 



n"M" 



2 Trion creation operators 

The X~ trions being made of two electrons and one hole, their creation operators write 
in terms of bl.^al_^a]^ According to eq. (4), they can also be written in terms of -B^Ok, 
with Q„ + k = Kj, Kj being the trion total momentum. 
Let us consider the operators 

u,p 

where i stands for (77i,Kj), the four free exciton-electron creation operators TJ^p^k;S,Sz 
being given by 

^!/,p,K;l,±l — -Di/,-p+/3a,K,±"p+/3eK,± > 
^!p,K;S,0 = (-Bj; _p+/3^K,+ «p+/3eK - " (-l)'^-^^^ -p+/3^K - «p+ftK,+) / . (14) 

Due to eqs. (11,3,4,9), these operators are such that 

X},p,K;S,S, = E -^^''P'^'P^^P^K;S,S. ' (l^) 



(^^|^^'^p^K';5^5; ^iJp,K;5,5.k) = ^K',K Ss',S Ss',,S, V,P + {-'^f L^'p'up) ■ (16) 

Equation (15) allows to replace the trion prefactors -0 in eq. (13) by ip defined as 

^lJ!f^ - 1 (^^i'f^ + (-1)' E ^.P^'P'^S^^j , (17) 

so that, due to eq. (12), these prefactors now verify 

^S'^ = (-l)'EWp'^Sf , (18) 

which just states that they stay invariant under the possible exchange corresponding to 
eq. (11). Prom eq. (13), with ip replaced by ■0, and eqs. (16,18), one can easily check that 

{v\%,p,K;S,S. Tvi,Ki;Si,SiJv) = 2 Ss,Si Ss,,Si. (^K.K^ V'^.^^'^^ ■ (19) 

T|.5 5^|v) is indeed a trion, i. e. an eigenstate of H, with the energy Si-s, if 

{v\%,p,K,,s,s. {H - S,,s) -^UsM) = 0. (20) 
By using eqs. (14,1,5,19), we find that eq. (20) leads to 

(e. + ^ - e,,,s)^^^f^ + E ^-'(-P + , (21) 

where we have set Si-s = %;S + ^^K^/2(2me + m/j), being the exciton-electron relative 
motion mass, fj,^^ — + {irie + mh)~^ ■ 

It can be surprising to note that the integral equation (21) verified by the trion prefac- 
tors ■0^^p'^^ only depends on the direct Coulomb scattering S5Jk„/k') through Wi,,^/(— p + p'). 
Exchange couplings A„kn'k', through L^-p^i-pi, do not appear in it. They are actually hidden 
in the invariancc relation (18) between the ip^^^^''^. 

The trion orbital wave function deduced from eqs. (13,14) reads 



Fi;5(re, re/, r;,) = /Ki(Ree'/i) E V'lyp^^ [{^ehK) /p(Ue'eft) + (-l)^(re/^|x^) /p(Uee'/i)] 7^2 

!/,P 

= A/2/K,(Ree'/^) E^Sp""^ i'^ehK) fpi^e'eh) , (22) 
i/,p 

with Ree'/i = {TTieTe + meiYg^i + mhVh) / {'^nie + mh) being the trion center of mass position, 
and Ue'eh = Te' " R-e^i being the distance between the electron e' and the center of mass 
of the exciton made with (e, h), the two terms of the first line of eq. (22) being equal due 



to eqs. (18,9). As a consequence, the ijj^s can be obtained from the trion orbital wave 
function through 

^i^i'lf^ = I dRdrdnf;,^{R) {x,\r) f;{u) Fi,siR + ahr - i3eU, R + R-aer-/?eu) . 

(23) 



3 Trion ladder diagrams 

It is known that excitons correspond to "ladder diagrams" between one free electron 
and one free hole, which originate from the electron-hole Coulomb potential V. By writing 
the semiconductor hamiltonian as H — Hq + V, these diagrams simply result from the 
iteration of {a—H)~^ — {a—Ho)''^ + {a—H)~^ V {a—Ho)~^ acting on one free electron-hole 
pair. 

For trions, the problem appears at first as much more tricky, due to the composite 
nature of the exciton. There is indeed no way to write H as Hq + V, with V being an 
exciton-electron potential : This is in fact the major difficulty of all problems dealing with 
interacting excitons. 

Our "commutation technique" allows to overcome this difficulty. Indeed, by using the 
equation which defines the "creation potential" V^^^^, we can show that 

^ Rt = Rt I \ I T/t I (OA) 



a-H '^'^^ a-H -En a-H a - H - 

For a = + irj, this equation, along with eqs. (1,5), gives {fl — H + ir])"^ acting on one 
exciton-free electron pair as 



(25) 



with E^,p,K = e^ + h^py2i^t + ^ K72(2me + m^). 
The iteration of the above equation leads to 

Q_H + irj ^-lp,K;5,5j^) = E Au'p'upi^, K) %, ^K;S,sJv) , (26) 
' i/'.d' 
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in which we have set 



1 



(wM-p' + p) 



This Ai,/p/i,p(Q, K) can be formally rewritten as 

w,'p'.p{n,K) " 



^-E^^p^K + iri 



.(27) 



- K,p,K + ir) ' 



Q - -B,.',p',K + 

where the "renormalized exciton-electron interaction" Wp'p'i,p{Q,K.) verifies 

H/i.'p',.p(iZ,Kj - W^i^{-p +p)+ 2^ — 

1.1, PI -^i/i,pi,K + «?7 

This iteration is shown in fig. (1). Before going further, let us note that 

1 f idui 



(28) 



(29) 



= J ^-^9e{^+^l, Pl+/3eK) Qxi-^^i; 1^1, -pi+/3a;K) = G'^e(^^; i^l, Pi, K) , 

(30) 

where ge{uj,'k.) — {u — h^\s?/2me + is the usual free electron Green's function for 

an empty Fermi sea, while g,j.{uj\n) = (u ~ En + irj)^^ is the free boson-exciton Green's 
function, as if the excitons were non- interacting bosons, i. e. if all the H's and A's were 
set equal to zero. G^e can be seen as the propagator of a free exciton-electron pair. It is 
quite similar to the free electron-hole pair propagator G^h appearing in exciton diagrams 
(see eq. 2.10 of ref . (9)). 

The simplest way to obtain Ayipiyp{Q.^ K) is to insert the trion closure relation between 
the two operators of the l.h.s. of eq. (26) and to project this equation over (t'|^",p",K;S,5^- 
By using eqs. (19,16), we obtain 

- — ^iy"p'VpV^', -T^j T y—-!-) 

u',p' 



E 



— 74,^"p",yp(0, K) -|- (—1)'^ ^ L^iipiii^ipi Ai,'pii,p(fl,iQ.) . (31) 



^i/"p"i/p(f^, K) is then obtained by adding the above equations for 5" = and S = 1. 
Using eq. (28), we thus get the sum of the exciton-electron ladder "rungs" as 



M^,,pVp(Q,K) = 



s.',. v,P + E ^ _ ^^^^^^^ + 



G'a;e(f^;i^,P,K) 

(32) 

This result is quite similar to the "renormalized electron-hole Coulomb interaction" ap- 
pearing in electron-hole ladder diagrams, as given for example in eq. (2.18) of ref. (9). 



4 Conclusion 



We have generated the exciton-electron ladder diagrams associated to trions. They will 
allow to treat trions in a similar way as excitons, with respect to many-body effects in 
which they can be involved. This work relies on a new commutation technique for excitons 
interacting with electrons which takes exactly into account the possible exchange between 
carriers. 
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FIGURE CAPTIONS 



Fig (1) 

(a) Direct Coulomb scattering between one "free" exciton and one free electron. 

(b) Renormalized free exciton-electron interaction as given by the integral equation 
(29). It corresponds to the sums of one, two,. . . ladder "rungs" between one "free" exciton 
and one free electron. 
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